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Abstract. Higher order Delaunay triangulations are a generalization of
the Delaunay triangulation which provides a class of well-shaped trian-
gulations, over which extra criteria can be optimized. A triangulation
is order-k Delaunay if the circumcircle of each triangle of the triangula-
tion contains at most k points. In this paper we study lower and upper
bounds on the number of higher order Delaunay triangulations, as well
as their expected number for randomly distributed points. We show that
arbitrarily large point sets can have a single higher order Delaunay tri-
angulation, even for large orders, whereas for ﬁrst order Delaunay trian-
gulations, the maximum number is 2n−3. Next we show that uniformly
distributed points have an expected number of at least 2ρ1n(1+o(1)) ﬁrst
order Delaunay triangulations, where ρ1 is an analytically deﬁned con-
stant (ρ1 ≈ 0.525785), and for k > 1, the expected number of order-k
Delaunay triangulations (which are not order-i for any i < k) is at least
2ρkn(1+o(1)), where ρk can be calculated numerically.
1 Introduction
A triangulation is a decomposition into triangles. In this paper we are interested
in triangulations of point sets in the Euclidean plane, where the input is a set of
points in the plane, denoted P , and a triangulation is deﬁned as a subdivision
of the convex hull of P into triangles whose vertices are the points in P .
It is a well-known fact that n points in the plane can have many diﬀerent
triangulations. For most application domains, the choice of the triangulation is
important, because diﬀerent triangulations can have diﬀerent eﬀects. For exam-
ple, two important ﬁelds in which triangulations are frequently used are ﬁnite
element methods and terrain modeling. In the ﬁrst case, triangulations are used
to subdivide a complex domain by creating a mesh of simple elements (trian-
gles), over which a system of diﬀerential equations can be solved more easily.
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In the second case, the points in P represent points sampled from a terrain
(thus each point has also an elevation), and the triangulation deﬁnes a bivari-
ate interpolating surface, providing an elevation model of the terrain. In both
cases, the shapes of the triangles can have serious consequences on the result.
For mesh generation for ﬁnite element methods, the aspect ratio of the trian-
gles is particularly important, since elements of large aspect ratio can lead to
poorly-conditioned systems. Similarly, long and skinny triangles are generally
not appropriate for surface interpolation because they can lead to interpolation
from points that are too far apart.
In most applications, the need for well-shaped triangulations is usually ad-
dressed by using the Delaunay triangulation. The Delaunay triangulation of a
point set P is deﬁned as a triangulation where the vertices are the points in P and
the circumcircle of each triangle (that is, the circle deﬁned by the three vertices
of each triangle) contains no other point from P . The Delaunay triangulation
has many known properties that make it the most widely-used triangulation. In
particular, there are several eﬃcient and relatively simple algorithms to compute
it, and its triangles are considered well-shaped. This is because it maximizes the
minimum angle among all triangle angles, which implies that its angles are—in
a sense—as large as possible. Moreover, when the points are in general position
(that is, when no four points are cocircular and no three points are collinear) it
is uniquely deﬁned. However, this last property can become an important limi-
tation if the Delaunay triangulation is suboptimal with respect to other criteria,
independent of the shape of its triangles, as it is often the case in applications.
To overcome this limitation, Gudmundsson et al. proposed higher order De-
launay triangulations [9]. They are a natural generalization of the Delaunay
triangulation that provides well-shaped triangles, but at the same time, ﬂexibil-
ity to optimize some extra criterion. They are deﬁned by allowing up to k points
inside the circumcircles of the triangles. For k = 0, each point set in general po-
sition has only one higher order Delaunay triangulation, equal to the Delaunay
triangulation. As k is increased, more points inside the circumcircles imply a re-
duction of the shape quality of the triangles, but also an increase in the number
of triangulations that are considered. This last aspect makes the optimization of
extra criteria possible, providing triangulations that are a compromise between
well-shaped triangles and optimality with respect to other criteria.
Therefore the importance of higher order Delaunay triangulations lies in multi-
criteria triangulations. Their major contribution is providing a way to optimize
over a—hopefully large—class of well-shaped triangulations.
A particularly important subclass of higher order Delaunay triangulations are
the ﬁrst order Delaunay triangulations, that is, when k = 1. It has been observed
that already for k = 1, a point set with n points can have an exponential num-
ber of diﬀerent triangulations [17]. This, together with the fact that for k = 1
the shape of the triangles is as close as possible to the shape of the Delaunay
triangles (while allowing more than one triangulation to choose from), make ﬁrst
order Delaunay triangulations especially interesting. In fact, ﬁrst order Delau-
nay triangulations have been shown to have a special structure that facilitates
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the optimization of many criteria [9]. For example, it has been shown that many
criteria related to measures of single triangles, as well as some other relevant pa-
rameters like the number of local minima, can be optimized in O(n log n) time
for k = 1. In a recent paper [11], Van Kreveld et al. studied several types of more
complex optimization problems, constrained to ﬁrst order Delaunay triangula-
tions. They showed that many other criteria can be also optimized eﬃciently
for k = 1, making ﬁrst order Delaunay triangulations even more appealing for
practical use.
For larger values of k, fewer results are known. The special structure of ﬁrst
order Delaunay triangulations is not present anymore, which complicates exact
optimization algorithms. Several heuristics and experimental results have been
presented for optimization problems related to terrain modeling, showing that
very small values of k (k = 1, . . . , 8) are enough to achieve important improve-
ments for several terrain criteria [4,5,10].
However, despite the importance given to ﬁnding algorithms to optimize over
higher order Delaunay triangulations, it has never been studied before how many
higher order Delaunay triangulations there can be in the ﬁrst place. In other
words, it is not known what the minimum and maximum number of diﬀerent
triangulations are, as functions of k and n, not even for the simpler (but—in
practice—most important) case of ﬁrst order Delaunay triangulations.
The problem of determining bounds on the number of higher order Delaunay
triangulations is of both theoretical and practical interest.
From a theoretical point of view, determining how many triangulations a point
set has is one of the most intriguing problems in combinatorial geometry, and has
received a lot of attention (e.g. [2,16,15]). Higher order Delaunay triangulations
are a natural generalization of the Delaunay triangulation, thus the impact of
such generalization on the number of triangulations is worth studying.
From a more practical point of view, knowing the number of triangulations
for a given k gives an idea of how large the solution space is when optimizing
over this class of well-shaped triangulations. Ideally, one expects to have many
diﬀerent triangulations to choose from, in order to ﬁnd one that is good with
respect to other criteria.
Up to now, only trivial bounds were known: every point set has at least one
order-k Delaunay triangulation, for any k (equal to the Delaunay triangulation),
and there are point sets of size n that have 2Θ(n) triangulations, already for
k = 1. In this paper we present the ﬁrst non-trivial bounds on the number of
higher order Delaunay triangulations. Given the practical motivation mentioned
above, we are mostly interested in results that have practical implications for the
use of higher order Delaunay triangulations. Thus low values of k are our main
concern. Our ultimate goal—achieved partially in this paper—is to determine to
what extent the class of higher order Delaunay triangulations (for small values
of k, which has the best triangle-shape properties), also provides a large number
of triangulations to choose from.
Results. We study lower and upper bounds on the number of higher order
Delaunay triangulations, as well as the expected number of order-k Delaunay
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triangulations for uniformly distributed points. Let Tk(n) denote the maximum
number of order-k Delaunay triangulations that a set with n points can have, and
let tk(n) denote the minimum number of order-k Delaunay triangulations that a
set with n points can have. First we show that the lower bound tk(n) ≥ 1 is tight.
In other words, there are arbitrarily large point sets that have a single higher
order Delaunay triangulation, even for large values of k. Next we show that, for
ﬁrst order Delaunay triangulations, T1(n) = 2n−3. Since these extreme cases do
not describe an average situation when higher order Delaunay triangulations are
used, we then study the number of higher order Delaunay triangulations for a
uniformly distributed point set. Let Rk denote the number of order-k (and not
order-i, for any i < k) Delaunay triangulations of a uniformly distributed point
set of size n. We show that E[R1] ≥ 2ρ1n(1+o(1)), where ρ1 is an analytically
deﬁned constant (ρ1 ≈ 0.525785). We also prove that, for constant values of k,
E[Rk] ≥ 2ρkn(1+o(1)), where ρk can be calculated numerically (asymptotics are
with respect to n). The result has interesting practical consequences, since it
implies that it is reasonable to expect an exponential number of higher order
Delaunay triangulations for any k ≥ 1.
Related work. As mentioned earlier, there is no previous work on counting higher
order Delaunay triangulations. A related concept, the higher order Delaunay
graph, has been studied by Abellanas et al. [1]. The order-k Delaunay graph of a
set of points P is a graph with vertex set P and an edge between two points p, q
when there is a circle through p and q containing at most k other points from P .
Abellanas et al. presented upper and lower bounds on the number of edges of this
graph. However, since a triangulation that is a subset of the order-k Delaunay
graph does not need to be an order-k Delaunay triangulation, it is diﬃcult to
derive good bounds for higher order Delaunay triangulations based on them.
There is an ample body of literature on the more general problem of counting
all triangulations. Lower and upper bounds on the number of triangulations
that n points can have have been improved many times over the years, with the
current best ones establishing that there are point sets that have Ω(8.48n) [2]
triangulations, whereas no point set can have more than O(43n) [16].
In relation to our expected case analysis of the number of higher order Delau-
nay triangulations, it is worth mentioning that many properties of the Delaunay
triangulation—and related proximity graphs—of random points have been stud-
ied. The expected behavior of properties of the Delaunay triangulation that have
been considered include the average and maximum edge length [13,3], the mini-
mum and maximum angles [3], and its expected weight [6]. Expected properties
of other proximity graphs, such as the Gabriel graph and some relatives, are
investigated in [8,7,12].
2 Higher Order Delaunay Triangulations
We begin by introducing higher order Delaunay triangulations more formally,
and presenting a few properties that will be used throughout the paper. From
now on, we assume that point sets are in general position.
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Fig. 1. Left: A Delaunay triangulation (k = 0). Center: an order-1 triangulation (with
useful-1, non-Delaunay, edges in gray). Right: an order-2 triangulation, with order-1
triangles in light gray and order-2 triangles in medium gray.
Definition 1. (from [9]) A triangle uvw in a point set P is order-k Delaunay
if its circumcircle C(u, v, w) contains at most k points of P. A triangulation of
P is order-k Delaunay if every triangle of the triangulation is order-k.
Note that if a triangle or triangulation is order-k, it is also order-k′ for any
k′ > k. A simple corollary of this is that, for any point set and any k ≥ 0, the
Delaunay triangulation is an order-k Delaunay triangulation.
Definition 2. (from [9]) An edge uv is an order-k Delaunay edge if there exists
a circle through u and v that has at most k points of P inside. An edge uv is
a useful order-k Delaunay edge (or simply useful-k edge) if there is an order-k
Delaunay triangulation that contains uv.






Fig. 2. The useful order of edge uv is determined by the lowest order of triangles uvs1
and uvs2. In the example, the (lowest) useful order of uv is max{3, 1} = 3.
Lemma 1. (from [9]) Let uv be an order-k Delaunay edge, let s1 be the point
to the left1 of −→vu, such that the circle C(u, v, s1) contains no points to the left of−→vu. Let s2 be deﬁned similarly but to the right of −→vu. Edge uv is useful-k if and
only if uvs1 and uvs2 are order-k Delaunay triangles.
1 We sometimes treat edges as directed, to be able to refer to the right or left side of
the edge. The left side of −→vu denotes the halfplane deﬁned by the line supporting
uv, such that a polygonal line deﬁned by v, u and a point interior to that halfplane,
makes a counterclockwise turn. In the right side, the turn is clockwise.
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The concept of a ﬁxed edge is important in order to study the structure of higher
order Delaunay triangulations.
Definition 3. Let P be a point set and T its Delaunay triangulation. An edge
of T is k-ﬁxed if it is present in every order-k Delaunay triangulation of P.
Some simple observations derived from this are that the convex hull edges are
always k-ﬁxed, for any k, and that all the Delaunay edges are 0-ﬁxed.
First order Delaunay triangulations have a special structure. If we take all
edges that are 1-ﬁxed, then the resulting subdivision has only triangles and
convex quadrilaterals (and an unbounded face). In the convex quadrilaterals,
both diagonals are possible to obtain a ﬁrst order Delaunay triangulation (see
Fig. 1, center). We say that both diagonals are ﬂippable, and similarly we call
the quadrilateral ﬂippable. More formally, based on results in [9], we can make
the following observation.
Observation 1. Let e be a useful order-1 Delaunay edge in an order-1 Delaunay
triangulation, such that e is not a Delaunay edge. Then ﬂipping e results in a
Delaunay edge. Moreover, the four edges (diﬀerent from e) that bound the two
triangles adjacent to e are 1-ﬁxed edges.
An implication of this special structure is that a point set with q ﬂippable quadri-
laterals has exactly 2q order-1 Delaunay triangulations. Thus instead of counting
triangulations, we can count ﬂippable quadrilaterals or, equivalently, useful-1
edges that are not Delaunay.
For k > 1, the structure is not so simple anymore and it seems diﬃcult to
provide an exact expression for the number of order-k Delaunay triangulations
in terms of the number of useful-k edges. However, we can derive the following
lower bound, whose proof can be found in the full version of this paper [14]:
Lemma 2. Let P be a point set and let ek, for k > 1, be the number of useful-k
edges (which are not useful-i for any i < k) of P . Then P has at least 2ek/Ck −1
order-k (and not order-i, for any i < k) Delaunay triangulations, where Ck =
(4k + 1)(2k + 1)2 + 1.
3 Lower and Upper Bounds
In this section we derive upper and lower bounds on the number of ﬁrst order
Delaunay triangulations. As mentioned in the introduction, due to the practical
motivation of this work, we are mostly interested in lower bounds. However, for
completeness and because the theoretical question is also interesting, this section
also includes a result on upper bounds.
The main question that we address in this section is: what is the minimum
number of higher order Delaunay triangulations that n points can have? Are
there arbitrarily large point sets that have only O(1) higher order Delaunay
triangulations? To our surprise, the answer to the second question is aﬃrmative.
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The lemma below presents a construction that has only one higher order Delau-
nay triangulation, regardless of the value of k, for any k ≤ n/3 − 1. Note that
this implies that for any value of k of practical interest, there are point sets that
have no other order-k Delaunay triangulation than the Delaunay triangulation.
Lemma 3. Given any n ≥ 6 and any k such that k ≤ n/3 − 1, there are
point sets with n points in general position that have only one order-k Delaunay
triangulation.
Proof. We give a construction with n points that can be shown to have only
one order-k Delaunay triangulation, for any value of k ≤ n/3 − 1. The idea
is illustrated in Fig. 3. To simplify the explanation, in the following we assume
that n is a multiple of 3. Note that for the proof it is enough to take k = n/3−1.
We start with a triangle s1s2s3. Then we add three groups of points, which
we will denote with letters p, q, and r. The points in the ﬁrst group are denoted
p1 . . . pm, where m = n/3. These points are initially placed on a circle Cp that
goes through s3, as shown in the ﬁgure; they are sorted from top to bottom. The
second group comprises k points q1 . . . qk, placed very close to each other on a
circle Cq through s3, as shown in the ﬁgure. In addition, we must also make sure
that the points q1 . . . qk are close enough to s3 in order to be contained inside
C(s1, s2, p1). Finally, the points in the third group, r1 . . . rk−1, are placed very
close to each other on a third circle Cr, which goes through s2. The important
properties of these circles are: (i) Cp contains s2 and all the points ri, (ii) Cr
and Cq contain all the points of the type pi, and (iii) C(s1, s2, p1) contains s3
and all points of type qi.
Clearly, the point set as constructed is degenerate, but this can be easily solved
by applying a slight perturbation to each point, without aﬀecting the properties
just mentioned. Moreover, the perturbation can be made such that the Delaunay
triangulation of the point set looks like the one in the right of Fig. 3. We argue in
the full version [14] that all the edges in the Delaunay triangulation are k-ﬁxed,
by considering all the diﬀerent types of edges that, potentially, could cross a























Fig. 3. Construction of a point set (left) whose only order-k Delaunay triangulation is
the Delaunay triangulation (right)
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Having determined that some point sets can have as little as one ﬁrst order
Delaunay triangulation, it is reasonable to ask what is the maximum number
of ﬁrst order Delaunay triangulations that a point set can have. In the full
version [14] we prove the following tight bound, in part illustrated in Fig. 4.
Fig. 4. Construction with the maximum number of ﬁrst order Delaunay triangulations.
Left and right: point set and ﬂippable quadrilaterals, for points not in general position.
Lemma 4. Every point set P with n points in general position has at most 2n−3
ﬁrst order Delaunay triangulations, and this bound is tight.
4 Expected Number of Triangulations
Let P be a set of n points uniformly distributed in the unit square. In this
section we give lower bounds on the expected number of higher order Delaunay
triangulations of P .
Note that the events that four points in P are cocircular and that three points
in P form a right angle happen with probability zero, and hence we can safely
ignore these cases. Throughout this section we will use the notation x ∼ y if
x = y(1 + o(1)).
We start with ﬁrst order Delaunay triangulations. We aim to compute the
probability that two randomly chosen points u, v in P form a useful-1, non-
Delaunay, edge. Assume that the edge is directed −→vu. Let w be the point to the
left of −→vu, such that the circle C(u, v, w) contains no points to the left of −→vu,
and let t be the point to the right of −→vu, such that the circle C(u, v, t) contains
no points to the right of −→vu. Let E be the event deﬁned as follows: the edge uv
is useful-1 (but not Delaunay), t is to the right of −→vu and the circle C(u, v, t)
contains no points of P to the right of −→vu, w is to the left of −→vu and the circle
C(u, v, w) contains no points of P to the left of −→vu. It is well-known that uv
belongs to the Delaunay triangulation of P if and only if ∠uwv + ∠utv < π.
Thus the event E can be decomposed into the disjoint union E = E1 ∪ E2 ∪ E3,
where E1 denotes the event E with the additional conditions that ∠uwv > π/2,
∠utv > π/2, E2 denotes the event E with the conditions that ∠uwv < π/2,
∠utv > π/2, and E3 denotes the event E with the conditions that ∠uwv > π/2,
∠utv < π/2 (in all cases we must have ∠uwv + ∠utv > π). Consequently,
P[E ] = P[E1] + P[E2] + P[E3].
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Lemma 5. P[E1] ∼ c1/n3 and P[E2] ∼ c2/n3, where c1 ·= 0.23807 and c2 ·=
0.40675.
Proof. Let us ﬁrst compute P[E1].
Let Aw (respectively, At) be the interior of the set consisting of all points in
C(u, v, w) ∩ C(u, v, t) that are to the left (resp. right) of −→vu. Let Bw (respec-
tively, Bt) denote the interior of the set containing all points in C(u, v, w) (resp.
C(u, v, t)) that are to the right (resp. left) of −→vu and do not lie in At (resp. Aw)
(see Fig. 5, left). Since w is the point such that the circle C(u, v, w) contains no
points to the left of −→vu, the region Aw is empty of points in P . In order for the
edge uv to be useful-1, the region Bt also has to be empty of points in P . Anal-
ogously, under the hypothesis of E1, the regions At and Bw are empty of points
in P . It is not diﬃcult to see that the reverse implications also hold. Therefore,
the event E1 is equivalent to the event that Aw, Bt, At, and Bw do not contain
any point in P .
Now let us denote by rw the radius of the circle C(u, v, w) and by  the length
of the edge uv (see Fig. 5, center). A straightforward calculation leads to the
following expression for the area of Aw:












In order to compute P[E ], we will be interested in having certain areas being
empty of n points, which happens with probability (1 − area (A))n (for A the
area in question). Since the contribution of areas A of size Θ(1) is O(λn) for some
0 < λ < 1 (which is far less than the asymptotic value of the integrals, as we
shall see below), for any constant j we can safely assume in the integrals below
the asymptotic equivalence (1−area (A))n−j ∼ e−area (A)n, without aﬀecting the
ﬁrst order terms of the asymptotic behavior of the integral.
Observe that  may take values from 0 to
√
2 and that the probability density
of the event |uv| =  is 2π d. Notice also that rw ∈ (/2,+∞) and that the event
































Fig. 5. Left: the event E1 and the regions Aw, Bw, At and Bt. Middle: in the event E1,
the region Aw is a circular sector minus a triangle. Right: the event E2 and the regions
Aw, Bw, At and Bt.
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r2 − 24 .
Denoting by rt the radius of the circle C(u, v, t), we obtain analogous expres-
sions for rt.















































Since classical methods for asymptotic integration fail for the integral given
by (1) (the derivative of the exponent is inﬁnity at the point where the exponent
maximizes), we apply the following change of variables: /2 = a/
√





n (see full version [14] for details). This yields an integral independent
of n. Given that it does not seem possible to evaluate this integral symbolically,
we resort to applying numerical methods. For reasons of numerical stability
(especially in the case of P[E2]) we apply another change of variables b = asin(σ/2) ,
c = asin(θ/2) . Solving this integral numerically (using Mathematica), we obtain
that P[E1] ∼ c1/n3, where c1 ·= 0.23807 (more details in the full version [14]).
Let us now consider E2. Let Aw, Bw, At and Bt be deﬁned as in the event
E1 (see Fig. 5, right). By the same arguments, the event E2 is equivalent to the
event that the regions Aw, Bt, At, and Bw are empty of points in P . Analogous














































Solving this integral numerically (using Mathematica), we obtain that P[E2] ∼
c2/n
3, where c2
·= 0.40675 (see again full version [14] for details). 	unionsq
Denote by U1 the random variable counting the number of useful-1 (and not
Delaunay) edges. We have the following corollary:
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Corollary 1. E[U1] ∼ c1+2c22n =: d1n, where d1
·= 0.525785.
Proof. Since E2 and E3 are symmetric, we obviously have that P[E3] = P[E2].
Hence, P[E ] ∼ c1+2c2n3 . Since for a ﬁxed edge uv there are (n − 2)(n − 3) ∼ n2
ways to choose the points w and t to the left and to the right of −→vu, and these
events are all disjoint, the edge uv is useful-1 (and not Delaunay) with proba-






n ∼ c1+2c22n =: d1n, where d1
·= 0.525785. 	unionsq
Recall that Rk denotes the number of order-k (and not order-i, for any i < k)
Delaunay triangulations of a uniformly distributed point set. We can now state
the following theorem:
Theorem 1. Given n points distributed uniformly at random in the unit square,
E[R1] ≥ 2ρ1n(1+o(1)), where ρ1 ·= 0.525785.
Proof. As noted earlier, E[R1] = E[2U1 ]. Now, by Jensen’s inequality, E[2U1 ] ≥
2E[U1], and the result follows by Corollary 1. 	unionsq
Combining the ideas for the case k = 1 with the result from Lemma 2, we obtain
the following generalization for constant values of k:
Theorem 2. Given n points distributed uniformly at random in the unit square,
for any constant value of k, E[Rk] ≥ 2ρkn(1+o(1)), where ρk is a constant that
can be calculated numerically.
Proof. Denote by Uk the number of useful-k edges (which are not useful-i for
any i < k) for any constant k > 1. By similar calculations as in the case
k = 1, we obtain E[Uk] ∼ dkn, where the constant dk can be calculated nu-
merically (see full version [14] for details). By Lemma 2, Rk ≥ 2Uk/Ck −1, where
Ck = (4k + 1)(2k + 1)2 + 1. Therefore E[Rk] ≥ E[2Uk/Ck ]− 1 and as before, by
Jensen’s inequality, E[2Uk/Ck ] ≥ 2E[Uk]/Ck . 	unionsq
5 Concluding Remarks
We have given the ﬁrst non-trivial bounds on the number of higher order De-
launay triangulations. We showed that there are sets of n points that have only
one higher order Delaunay triangulation for values of k ≤ n/3−1, and that no
point set can have more than 2n−3 ﬁrst order Delaunay triangulations. Moreover,
we showed that for any constant value of k (in particular, already for k = 1)
the expected number of order-k triangulations of n points distributed uniformly
at random is exponential. This supports the use of higher order Delaunay tri-
angulations for small values of k, which had already been shown to be useful in
several applications related to terrain modeling [10].
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